Improvement on Varshamor- Gilbert lower bound
on minimum hamming distance of linear codes

Indexing terms: Codes

Abstract

An improvement on the Varshamov—Gilbert lower bound on the minimum Hamming distance d of linear bloc

codes is proposed. The improved bound is based on the assumption that, for an (n, k) block code, the number «
distinct vectors resulting from the linear combination of every (d — 2) columns of the parity-check matrix is muc
less than the total number of vectors generated from such linear combinations. An expression for the large:
possible number of distinct vectors obtainable for any (n, k) group code can therefore be introduced and shown t
be a function of the weight distribution of the code.

List of symbols

(n, k, d) = a linear block code of length n digits and k message digits,
having a minimum Hamming distance d, and being capable
of correcting ¢ = (d — 1)/2 random errors or less

V. = avector space of dimension »
V' = a subspace of the vector space V,,, used to indicate the
linear (n, k) code
[G] = generator matrix of an (, k) code
[H] = parity-check matrix of group code
(’:) = number of combinations of i out of n
X;} = theset Xy, X,, ..., X, (nis given in the text)
[H"] = transpose of the matrix [H] :
€ = membership, v € {I'}, vis an element of set {I/}
C = membership, {U} C {V}, {U} is a subset of {V'}
g.l.c. = quasilinear combinations

Vive q.l.c.(]'.z)(q — 1)} = set of all (]n (g — 1)’ vectors resulting

from the quasilinear’ combinations of
J n-tuple vectors over the Galois field of
gq elements GF(q); ¢ is a prime number

1 Introduction

A lower bound on d is defined, for arbitrary values of n and
k, as the largest value of d associated with any code which can be
shown to exist, having the value of n and d.

The Varshamov—Gilbert lower bound was proposed by Varshamov'
and is a refinement of a bound proposed by Gilbert.? The same bound
was also found by Sacks® from a consideration of the characteristics
of the parity-check matrix [H] of the code. Sacks suggested a system-
atic procedure for constructing an (n, k) code with r-parity-check
symbols and minimum distance d. This procedure guaranteed the
required independence of the [H] matrix columns of the constructed
code if the integer r was sufficiently large so that it satisfied the
following inequality:

d-2
i ('.1>(q*l)‘<q’ (1)
=0\
The smallest integer r that satisfies the above inequality is known as
the Varshamov—Gilbert lower bound on d.

The object of this paper is to introduce a possible improvement on
the above bound by showing that the number of distinct vectors.
resulting from the linear combination of all d — 2 columns of the [H]
matrix, are much less than the summation of eqn. 1.

An expression for the largest possible number of these distinct
vectors [for any (n, k) group codes] is proposed, and a tighter bound
is therefore obtained.

2 Improved bound :

It is convenient here to redefine* the term ‘quasilinear
independence’. The r-tuple vectors ry, ry, ..., r; over GF(g) are
quasilinearly independent if the vectors, formed by addition over
GF(q) of the scalar products (a;r; + ayr, + ...+ ay7;) are all non-
zero vectors, where o; may be any one of the nonzero elements of

linear combinations (g.Lc.) of the above vectors may have (g — 1)
combinational sums, each sum resulting in a nonzero r-tuple vecto
over GF(q).

The numerical value of the Varshamov_Gilbert bound, given by
eqn. 1, may be rewritten as follows:

1 +(’1’)(q~1)+(’21)(q—1)2 + ...+(d’i3)(q~1)d*
: (d’lz) (gmhE gl e (2)

We may say, therefore, that since gt —1 represents the total
number of the quasilinear combinations of one, two, ..., and (d — 2)
columns of the [H] matrix, the bound assumes that all the vectors
resulting from these combinations are distinct.

Now let us consider a codeword vector v of weight d, which has
nonzero elements at the positions p,, p,, ..., pq. It follows that the
addition over GF(q) of the scalar products of these nonzero elements
with the corresponding p,, p,, ..., and Pg columns of the [H]
matrix, results in a zero vector.® Let the set of these d scalar products
say {C}, be divided into two subsets {4} and {8}. Moreover, iet the
addition over GF(gq) of the members of subset {A} results’in an
r-tuple vector @ and similarly the members of a subset {B} result in
vector b. Then

at+tb =20 3)

This equality indicates that a is the inverse veclor of b and vice versa.
I the subset {4} has two members. then the vector @ must be a
vector in the set of vectors resulting from the quasilinear combination

of every two columns of the [H] matrix (denoted by vjve q.l.c-.('j)

(g —1)2}), and, since the inverse of a vector g s equal to the scalar
product [(g —1)4], it follows that the vector b is one of the vectors
resulting from the quasilinear combinations of every two columns of

[H],ie.be -{v!vK.l.c.(ljz) (g — 1)?}. However, the vector b is in the

set {vIvK.l.c.(dfv)(q —1)972) which suggests that vector b is
not distinct. Similarly, all the multiples of vector b, g.b, where g is any
nonzero element of GF(y), are in the set {vlvK.l.c.(d ’ )

L
(@ —1)%7%}, and since ga+gb=0, according to the above argu-
ment, the (g — 1) multiples of vector b are not distinct.

Since set {C} has d members, it can be divided, in two subsets 14}
and {B} of two members and (d —2) members, respectively, in many
ways. The number of these combinations is equal to((j)_ Conse-
quently, the corresponding number of nondistinct vectors in the set

n gl iake :
{vlvK.l.c.(d_z) (g — 1)?72}, for every codeword of weight d, is

given by

d
(7)@1—1)-
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the  sets {vlvK.l.c.(d_z)(q e {viveq.l.c.(d_3)
-1 s lveqg.ic ((d +n1)/2>. (q — 1)(d“1)/2}_ The total

number of these nondistinct vectors, for every codeword of weight d,

is given by
d
i
In general, every codeword

1

[e1]
(@—1)

i=2

“)

of weight w, where AdSW<d—2+¢

’

» Suggests the existence of

)

_nor_ldisituiqgt“vgctqrs in the sets e gl

n
d-3)'

e 7

i=w-d+2

lveqg.lec

suggest the same nondistinct
The total number of these vectors may be computed as follows:
Let the minimum number of codewords in an (n, £, d) linear code

of weight w be J(w); then the whole computation of these nondistinct
vectors may be tabulated as i Table 1.

The total summation is then given by

d-24+¢ w
i

2 ¢
e~ % dw) %
w=d i=w-d+2
The subtraction of the total number of nondistinct vectors of eqn. 7,
from the summation of eqn. 1, results in an improved Varshamoy_
Gilbert lower bound op the minimum Hamming distance 4 The
improved bound is thus given by

a-2+¢ t W
DT fw ¥ (l)
iied isw-d+2

(6)

T (Na-1-q

determination of the lowest possible

value of f(w), where w=dq,
d+ikie 219" tehins of the

code parameters n, k and 4,

3 Weight distribution of linear binary codes

The 2* codewords of an (n, k) binary block code can be
tabulated as the rows of an 2% x matrix; this matrix s referred to as
the code array.

Consider the code

array of an (n, k) binary block code, arranged as
follows:

-

*[51 means the largest integer, smaller than or equal to x/2, i.e.[.
2

d—1
2
the number of random errors the code can correct

Table 1
COMPUTATION OF NONDISTINCT VECTORS

e S NIRRT NaH oF ihe array are tabula;
sequence that corresponds to the decimal value (from 2%-!
2k — 1) of the k& binary information digits of each codeword. Th
words of the lower half of the array are tabulateq in a sequen
corresponds, to the decimal value, from 0 up to
information digits. \

If all zero elements of the first & columns of this array are re
by + 15 and the | elements by — 15, then the resulting column
the & functions of Rademacher.” Walsh functions are usually d
by products of Rademacher functions.” This definition, ho
does not yield the Walsh functions ordered by the number ¢
changes as does the difference equation.t Rademacher fun

similarly transforming the original functions and performing j s;
modulo-2 addition.” Since all the redundant digits of any (
linear code aré a consequence of the mudulo-2 addition of son
the k information digits, it follows that all the columns of the 3
array are Walsh functions. Every Walsh function has equal numbe
I's and Os, and hence the columns of any code
I's and 0s; therefore, the total number of | g in the array is equ
(n.2k“). Since there are 2% — I nonzero codewords in V, the ave
weight of codewords in I’ i given by i
e
siee o

Now, consider an (n, k) linear code V of minimum Hamming dista
d equal to average weight W, . Since the minimum Hamming dista,
d of any (n, k) linear code is equal to the minimum weight:® ie. in
case of the code under consideration ( Vid= e = Wave, it follc
that as d tends to Wave the maximum weight of the codewords o
will be equal to the
equidistant code with all jts 2%
Wave, Where Wave = n.2%1/(2k
ton/2.

On the other hand, consider an (n, k) linear block code p |
minimum Hamming distance equal to unity. Such 2 code has
redundant digits and therefore its Wweight distribution is binommal.

For other linear block codes of minimum Hamming distance

where 1<g <2ﬁ,

— 1 nonzero codewords of weig
—1). For large values ofk, W,,, ten

the weight distribution would lie between h

distributions of equidistance and unit-distance codes, Moreover, 1,
characteristics of the weight distribution of such codes may be deter
mined as follows: Consider the Sequency § of the 2% Walsh functions

TThe Walsh functions Walg(j, 0) may be defined by the following difference

equation:’
3 S o V2 +p . 1,
Wal(2/ + p, 0) = (— 1) Wallj, 200 + 1y
=D Wiy, 200 +4H1}

P=0ior 4; ;= il o Wal(O,G): 1 for ~-% <4 <%; Wal(o, 0) = 0 for
0<—L o>y
fthe same results may be obtained by using Pless? identities; see also Peterson
p. 70

§ The sequency of Wal(i,
Os occurring in the given Wal(i, 0),
Sequency of the function Wal(;, 8).

as the largest number of adjacent | g or
while the integer ; js called the normalised

Codeword Minimum numper of Number of nondistinct vectors in the linear combi-
weight codewords of weight nations of (d — 2) columns of the [H] matrix, corre-
w sponding to subsets {4 }and {B}of 4’ members and
(w—1) mempbers, respectively
w Flw) i= 2 3 4 t
d f(@) (@ —1)f@) [(d)+(d)+(d)+m+(d) ]+
W83k A 24
d+1 fld+1) (@—1fd+1) (d)+(d)+m+(d+l)]+
3 4 t
5 e +2
d+2 fld +2) (@—1)f@+2) [ (Z)+"‘+(d;+2)]+



Wal(1,60) up to Wal(2,8) have a sequency equal to 257! while
Wal(3,60) up to Wal(6, ) have a sequency equal to 2%7; in general
Wal(2/ —1,0) up to Wal(2*' —2_6) have a sequency equal to 2%7.
This implies that half of the group of the 2* Walsh functions have a
sequency < 2, one quarter of the fumctions of the group have a
sequency <4, and, in general, (1/2%) of the Walsh functions of the
group have a sequency < 2’; only one Walsh function has a sequency
equal to 2%. Since the code array of an (, k) code may be arranged in
such a way that each column of the array represents a Walsh function.
and if the (n, k) code is nonrepetitive,! then each row of the array
forms part of a distinct Walsh function. This suggests that if n is not
negligible compared with 2% then half of the rows of the (n, k) code
array have a sequency < 2. one guarter of the rows have a sequency
<4, (1/2) rows have a sequency of ¥ and two rows may have a
sequency of n. Then, since the largest mumber of codewords has a
weight equal to the average value, it follows that the weight distri-
bution of an (n, k) nonrepetitive linear block code may have 2
maximum value at a point corresponding to the average weight of
the code.

The proposed improvement on the Varshamov—Gilbert lower
bound on d for linear block codes may be evaluated for codes, fulfil-
ling the preceding assumptions, as follows:

(@) assume that the minimum number of codewords of weight (w)
where d < w <wg,, in an (n, k, d) linear code, is as low as zero
(b) the minimum number of codewords of average weight f(Wgye)
tends to the average value of f(w). The correctness of this state-
ment can be seen from the fact that, since f(wg,) is the
maximum value for f(w) (where w=1, 2, ..., n) then the lowest
value of f(Wgy.) cannot be less than the average value of f(w), i.e.

PR
FWave) = _Z_— (%)
where Z is the total number of the nonzero f(w), and, in general,
Z <n—d. However, for an (n, k) code with even Hamming dis-
tance d, derived from an (n — 1, k) code with odd Hamming distance
(d—1) by annexing an overall parity-check digit f(w) equal to zero

IlA code is nonrepetitive if no two columns of the code array are identical

for w odd, and therefore
o (n ~d]
2

4 Conclusions

Using eqns. 1, 7 and 9, the Varshamov--Gilbert bo
its improvement may be evaluated. The improvement is foun
significant for n < 10. However, as the code length increa
numerical evaluation of the proposed improvement using th
suggested bound on the lowest value of f(wg,) is founc
negligible. Nevertheless, the proposed improvement can be
importance if a tighter bound on the lowest values of f(w)
d<w<(d—2+1),is known.
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