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Abstract

An improvement on the varshamov-Gilbert lower bound on the minimum Hamming distance d of linear bloccodes is proposed' The improved bound is bdsed on the ass;;;;lilhat, for an (tt,k) br'ck cotle, the nurnber. cdistinct vectors resulting from the linear combination of ,;;:y 
!;:)j'roturns of the pariry-check matrix is ,'rucless than the total number of vectors generated frorn such linear combinations. An ,*prrrsion for the largespossible number of distinct vectors obtalnable for any (r, k)sro;p rod, can therefbre be introduced and shown tbe a function of the weight distribution of the code.

List of symbols

(n, k, d) :

The smallest integer r that satisfies the above inequality is known as
the Varshamov-Gilbert lower bound on d.

The object of this pap€r is to introduce a possible improvement on
the above bound by showing that the number of distinct vectors,
resulting from the linear combination of all d - 2 columns of the []{
matrix, are much less than the summation of eqn. l.

An expression for the largest possible number of these distinct
vectors [for any (n, k) group codesJ is proposed, and a tighter bound
is therefore obtained.

2 tmproved bourd

It is convenient here to redefiile4 the term 'quasilinear

independence'. The r-tuple vectors rt, 12
quasilinearly independent if the vectors, formed by adclition over
GF(q) of  the scalar products (qtr ,  *a2r2 +. . .+ air i )  are al l  non-
zero vectors, where aj ma! be any one of the nonzero elements of

a linear bl'ck code of length n digits and k message digits,
having a minimum Hamming distance d, and being"capable
of correcting / : (d - l)l2 random errors or less

: a vector space of dimension n
: a subspace of the vector space vr, used, to indicate the

linear (n, k) code
: generator matrix of an (n, k) code
: parity-check matrix of group code
= number of combinations of i out of r
= the set X1 , Xz, ..., X, (n is given in the text)
= transpose of the rnatrix ffi: membership, y.? {V,\,3 ry tn elemenr of set {Z}: membership, {UlC {V\, {U\is a subset of {Zi- quasilinear combinations

{ v tuen , r ( ; )U  - r ) i }  :  se r  o r  ̂ r ( ; ) f ,  - r ) i  vec t< , rs  resu l t i ng

from the lulsilineari combinations of
j n-tuple vectors over the Galois fieid of
q elements GF{q);g is a prinre ndrnber

1 Introduction

A lower bound on d is defined, for arbitrary values of n and
k, as the largest value of d associated with any code which can be
shown to exist, having the value of n and d.

The varshanrov--Cilbcrt lowcr bound was proposcd by Varshanrovl
and is a refinement of a bound proposed by cilbert.z The same bound
was also found by Sacks' from a consideration of the characteristics
of the parity-check matrix [/7J of the code. sacks suggested a sysrem-
atic procedure f,or constructing an (n, k) code with r-parity*heck
symbols and minimum distan ce d. This procedure guaranteed the
required independence of the [r1] matrix columns of the constructed
code if the integer / was sufficiently large so that it satisfied the
tollowing inequality:

bound
distance of linear codes
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linear combinations (q.t.c.) of the above vectors may have (q - r)
combinational sums, each sum resulting in a nonzero r-tuple vectol
over GF(q).
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eqn. l, ffioy be rewritten as follows:
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we may s&y, therefore, that since q'-t - I represents the total
number of-the quasilinear combinations of one, two, ..., and (rt - :s
colulmns of the [r/] matrix, the bound assumes that all the vecturs
resulting from these cornbinations are clistinct.

Now let us consider a codeword vector u of weight r/, which has
nonzero elements_at the posi t ions pr,  p2, . . . ,  pd.  I t  tb l l0ws that rhe
addition over GF(q) of tire scalar products of these nonzero elenlents
with the corresponding pt, p_2, ..., and pa columns of the tI\matrix. results in a zero vector.s Let the set of these d scalar prodr".l.
sa1 {c}, be divided inro rwo subser.s t+} and {g}. }toreor€r, iei rae
addition over GF(q) of the members or ,uur.f {)l;;Jutj;';;r-tuple vector a und similarly the members of u ,u'brrt {r} ,rruit in
vector D. Then

a * f i :  g  
( . f )

' f l r i s  
cq t ra l i t f  ind icu tes  tha t  a  i s  thc  i r rvc rsc  vcc tor  o l 'D  ur rd  v icc  vc rv . r .

I l '  the st l l lsct  { '4}  t las two rnernbers.  therr  thc veclr l r  n rnusI l l t r  uvector in thc set  of  vectors resul t ing l iom the quasi l inear cclrnbinat j . '
of e'ery rwo colurnns of the [H] matrix (denotecr by {a rue 0.1., (tt1
(q - l) l)). and. since the i 'verse o1. a vector a is equal t,, ttre ,.)i1product Ih - l)al , i t follows that the vector i ls one of-the vecrors
resulting frorn the quasil inerr conrbinations of every two colurnns of

The numerical value of the Varsharnov _Gilbert bound. given br

-  q n - h  ( l )

IHl , i.e. b e {alu u q.t.r,.(';) r, - l  ;2  } ' .  t lowever ,  the vector  D is  in  t l re

s e t  t a l u e o . , . t ( o : r ) h  -  D  
o - t l ,  w l r i c l i  s r g g e s r s  r h a r  v e c l . r  b  i s

not distinct. sinri lariy, all the multiples of vecror !,s.b, where g is i iny
nonzero element of  GF(q),  are in the set {ala€n., . r . (Ulr)
{q -  l )o- ' } ,  and since g.a+ g.b:O, acc'rding to t r re above : i rgrr-
Inent, the (q - I ) multiples of vector h are not dlstinct.

lr:r,r ser {c} has d me'rbers, it can be dividcd, in two subsets 1,4 |and, lBl of'two menrbers and (r/ - 2) nrenrtrers, respectively. i, r)1jry
ways. The number of these combinations is equal ," (t) conse-
quently, the corresponding number of nondistinct vectors in the ser
{ulu e n ' '  t ' (o:  

r )  @ - l )o- t  } '  for  even'  codeworcl  of  weight c/ ,  is
given by

( l  )[  ( ; )  tu  *  '1 ) ' (  q '

( : ) - - , )



(4)

j i-fZ_lie_verv oodeword of weight w,whercd(w<d_ 2*r,'  : 
l-T- J, 

su8eests the existence of

(s)

rhe sets {aW,e q.tc.G::)U - r)o-r}, t 'r.i, ' i1;1j
( q  -  1 ) o - '  l ,  . . . ,  { p l u e  q . l . c .  ( , .  n  \

lHH. #,h e se ## :".!lfi ,' ) #1, "'_*i "",'l o1 ;il : :

se q u e nce,r,., ", il,J,J;:,'?f ;:% :,LT. "fi l? 6::# 
br";:r

2rc - l) of the fr uin.ry rnio#tton oigt, 
"1..r*n-*o.ruord. Thwords of the lower nirr 

"iiirr'ur.uv are taburatei in a sequen
;iTfff'LTJ,?,ll' decimal varu', i,; o;;;"b k-'| -r). o,

If all ,rro j

ev + i; ;; ;:i?,hT''*ilT f,1::l,X?ff lJlji,il,:"ffi,;the k functions^o1nro-r_;;., 
wurrr, $".i,""T..e usually d

ii':1',1T[rJi#;$'#l*'"ruo,tion,t'itu;;.n"i,r"T,.i,.",changes u' o-*, th9 oin rr"r, ir_?!tff 
tJ.J*;T:?;;

:Fffi'?1',,'"",,finliT::il*{ir;i, ;3, ri,?i w at(7, 0) eru n c t i on s,,il; tran s ro rm J 6 
-,:;, 

#,X!' rr?iil: 
J::ii* il:l :0 s and rhe nesati". 'r;;;;; ;; i :, ir r,i?.l..i ro'thut producesimilartv transfirmrl*-4 

il;.i3".,i""r"."0 *.-rming a simodulo-2 addition.ziE sin...uli'rr,, ,ror"o."i i,r,rs of any (linear code are a consequence of 
11'., *-,!ri"-, *r,rton o'sonthe k information digits'ii;;L; ,r,0, uriir,, n'rriun-,n, of-the aiTffi'fi,Yfj! f1n'iion' 

8".;;'r,r' run,,# il,'rqu.r nunrbe

rt ia{,i i*.i#,#; ;ll,ii,[ix ;,,; 1ffi *!}' f iii
weight of codewords in z is given oiitt" 

codeword s in v-, tn. Ju*

r t t  n . * - l
fycle :.T--_

" ,  
_ l

)31';,fiH1::,'" 
(n' k) linear .i1:^1,'" rrrinimunr Hamming disr u

lr #;tl*T;ffi H,:xi',:fi fii#'T",T,:;' *dff i ii: ftha r as J l;;,- to .w on.,il;;'l"# ?ier;f U; !_;,Aj["Twill be equar to the*i.liil;rl;eighr. rrr?rrr"r.. the .o,te v isequidistant code *i'r^g11 T ri."Zi, _l_nonzeroluor*or,rs 
of. weigY;l;;Yn"e 

wo,,: i'z;:'tc-'* ,) e", ir-rs, 
";il:, or k, woan te;

on the other.hand, consider an (n,fr) rinear brock code v rt n i n i m u m H a m m i n g a i ' , . " . . . ' q u u t t o ' u , i i , " . . ! , . r ' a c o d e h r s
redundanr diqits *i,i,*r*ror" tilT:*l diirribuuon is binorroil-For otheirinear brockilj; or *rni*u* Hur**ing disrance c
::::: 

t.*r*#, the weighr oistrinution-*"rlo",,e between thdistributions of equidistance and unit-distance codecharacreristics of ti" t.*# airrii u urio" ;i;;; ffi:, f:;tt; Ilruined as forows, co"riJlr;;";rq--ncy$ .iii;; ii-wuruh functi.ns

i+l ,
@-tt,4 (!)

(q * t',=.to*rg)

nondist ingt  vgc-tors in the sers {ulueq.Lc.  (  n \ .
tptaeq.Lc. ( ,0!r)  o -  r t" ' ; :  

" . :  " , '  
, , ) ! ; , "1*,- ' ) ,"- ' ' ;

(q - I1@+r11r;. sin.. the rinear combinarions of 
"-; ,\:ir:r:!,'!the tI4 matlix sjve ";jq*-;" nzero vectors in the vector space,14;,' ii,x,#, ;*** ?:,*$",'ffii,'', * w ( r i i"- zt

The totar number 
"r 

trtr*, 
"rctors may be computed as folrows:Let the minimurn nu*u"r oi 
1'ri*"r,i t"'r""i, , k, d) rinear code;i.FT# ff frJ#fiiiii *i;* ;f ;;' ;;# lrir,r- .ffiffi;

The total sur
o::1tio" 

is then given bv

(q _ r)* f 
'rr*l-. 

I- (yi=st  i=*7a*z \ t  I  (6 )

The subtraction of the totar number,of nondistinct vectors of eqn. 7.ff il,lt!"l}#iTl:1"i"-it#:11.'-;,i;^iffi eava,sr,a,rlou-improved bounJi, thus given bv 
rumum Hamming distance J"il;

:4 0@ - r)' -(q-')'j*' r(*) i fu\
rhe numerical ,H:rll:l I"rfi^ j;;:l;::r, ::derermination of the towes;l""iof 

^fi;:,; fi;),where yt = d,d + t, ..., (d-2+ t), in;;r#r;i the code pu.u)rrrr. s n, k and,d.

3 W€icht dbtribution of linsar binary codes 
J;"T,J,:5, rurction! waro., d) rn

,.r,.r^,^Il ,?u 
codewords of an (a, &) linrr" ur-, ^^.- 

equation:i 
-*qvr{it! wa!u' d) msv b€ deti'tcd bv th€ folrowina dirrerencr

lfr:T;[';'# '#Tifif'-;',"9*]'1T"fl,:tr,f,:tfft:: wa1(2i+p,o)=(-,, {1 .p{va,ri.2(o+i),

,"ull,l:'o.l6icodearravoran(z,r)binaryblockcode,arrangedas 
f,":j;l:,_h-,,"::;:il;1';l:.lul?,.*, war(o,d)=0,br

'f;J -"*, rhe r&se$ intessr, smarc. than o..orar i^ ..,^. ,".-r., i::l::l: 

'u*tt ^"t be obraired bv u"ins Pless' identjti.es; see irso pi,tersuor. s;i,;;;;;;:i""? J#::i ";:rec,ar 
ro v:, i e [e 

-11 = . iilii#fi,:i f#,*.d.1,5]:ff: 1* iil,j_ri.,r:$":,,"""ff:*"1ilT
COMPUTATION OII NONDISTINCT VIICTORS
Codeword

weight

w

't'v

f  ( w , )

Minimum numbeiof
codewords of weight

Number of nondist;n"t 
"nations of (d * 2,1

spon dine ro s,, h..o +.c?tl n:: :f J{" 1n *.trir,';;r-sponding to su bsers g t:;Jt;[rt;J#ffi'],..T1(w - i) members, respectivelv
i = 2 3 4

ffiJ.
ff)1.
( : ) ] .

. . .  +

. . .  +

+

t$"$).$).
| (1). (x).
t (x).

k - r)f(d)

k -  r) f (d + 1)

@- r ) f ( d+2 )

d

d + 1

d + 2

f@l

f(d + t)

f(d + 2)



Wal( l ,0)  up to Wal(2.0) have a sequency equal  to l f t - t .  n-hi le
Wal(3,0) up to Wal(6,0) have 3 :cQUency equaf to 2&-r:  in general
Wal(l i - 1,0) up to Wal12i*t - l. Ft irat,e a ,*qu.,..y equal io Zh-i.
This implies that half of the group rrf rhe l" \\'x1s1'r f'unctions have a
sequenc) < 2. one quarter of the functrur,: ,,. . l-.r sroup have a
sequenc! '  (  4.  and, in general ,  ( l12) of  the \ [arr ] r  tu. , .  . : . :  , : '  lhe
group have a sequency ( 2,; only one Walsh lunction ha-i ;i sequenri
equal to 2". Since the code affay of an (n, k) code rnay be ananged in
such a way that each column of the arruy represents a Walsh function.
and if the (n, fr) code is nonrepetitive,ll then each row of the array
forms part of a distinct \t'alsh tunction. This suggests that if n is not
negligible compared with :1. then half of the rows of the (n, k) code
affay have a sequency ( l. one quarrrr rri rl'ic- rorvs have a sequency
<4, (l/2r) rows have a sequenc!-of i '-trri tr i ' , ' , ,, rows rnav have a
sequency of n. Then, since the largest nurnLt<: '-.1 cr-xJe*or,j,s has r
weight equal to the average value, it tollo*s rhei rhe uergfrt disrr-r-
bution of an (n, k) nonrepetitive linear block code rne! here .r
maximum value at a point corresponding to the averate reigtrr .rf
the code.

The proposed improvement on the Varshamov-Gilbert loner
bound on d for linear block codes rnay be evaluated for codes, fulfil-
ling the preceding assumptions, as follows:

(a) assume that the minimum number of codewords of weight (w)
where d ( w lwoo" in an (n, k, d) linear code, is as low as zero

(b) the minimum number of codewords of average weight f(worn)
tends to the average value of /(w). The correctness of this state-
ment can be seen from the fact that, srnce l'(w*n) is the
maximum value for f (w) (where w:1,  1. . . . .n)  then the lowest
value of f(wor) cannot be less than the average value of l(w). i.e.

lor u' odd. and therefore

- f n -d1z< l  I
t ' ) l

I

4 Conclusiorn

Using eqns. l, 7 and 9, the Varshaniov-Gilbert bot
its inrprovenrent may be evah,rated. The improvement is foun
significant for n < 10. However, as the code ien-eth increar
numerical evaluation of the proposed improvement using th
suggested bound on the lowest value of fllr'-") is founc
negllgible. Nevertheless, the proposed improvernent can be r
importance if a tighter bound on the lowest values of l(w)
.i ( r, ( {.r; - I + t}. r: kno*n.
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) h - 1
f ( w o o ) ,  

= .
(e)

where Z is the total number of the nonzero /(w), and, in general,
Z4n-d. However, for an (n,k) code with even Hamming dis-
tance d, derived from an (n - r, k) code with odd Hamming disiance
(d: l) bV_3nt9..1$g an gvelall parity-check digit /(w) equal to zero
l l  A code is nonrepeti t ive i f  no two columns of the code array are identical
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